Abstract. An inductance calculation method, which is based on calculating the current distribution of a fluxoid-trapped superconducting loop by using the expression of momentum and the Maxwell equations, is reconstructed to enable calculation of arbitrary 3D structures which have a ground plane (GP). Calculation of the mutual inductances of the superconductor system is also incorporated into the algorithm. The method of images is used to save computational resources, and the mirror plane is demonstrated to be just at the effective penetration depth below the upper boundary of the GP. The algorithm offers accurate results with reasonable calculation time.
Introduction
Josephson junction circuits, especially the single flux quantum circuits, are being investigated extensively for ultra-high speed digital devices. Since inductances play an important role in the threshold characteristics of the Josephson junction circuits, it is essential to determine the inductances fast and accurately. However, there are few superconducting inductance estimators available.
Recently, Nakazato et al of our laboratory formulated a numerical method to calculate the inductance of a simple superconducting loop which has no GP [1] . This algorithm is currently enhanced to calculate the self-and mutual inductances of arbitrary 3D geometries of superconductors, and GP is included in the structures since most of the Josephson junction circuits today have a GP. The calculation time is reduced from O(n 3 ) to O(n) and memory resources are reduced from O(n 2 ) to O(n), where n is the number of finite elements, by using a conjugate gradient algorithm without preconditioning instead of a Gaussian elimination method.
The method of images is used to avoid discretizing a large superconducting GP, which is time as well as memory consuming. Many papers have used the method of images previously [2] [3] [4] . However, to our knowledge the position of the mirror plane remains unknown analytically. In [2] and [3] the mirror plane is assumed to be at the upper boundary of the GP, and in [4] the GP is actually discretized to find the position of the mirror plane. We propose that the mirror plane should be located at the effective penetration depth below the surface of the GP in order to obtain the exact solution. Our reasoning is described in section 2.
In section 3, the core algorithm used to calculate the superconducting inductance is presented. Section 4 deals with calculations of inductance coefficients of complex structures. The optimization of the calculation speed is shown in section 5, and some examples are given in section 6.
Position of mirror plane
Using the method of images, we can skip calculating the current distribution of the GP and save much time and memory. However, it is obvious that the mirror plane is not located at the upper boundary of the GP since the penetration depth exists in GP and the vector potential at the boundary of the GP is not zero.
d λ
Consider the thickness of the GP d is much greater than the penetration depth λ, and the area of the GP boundary is much greater than the superconducting loop. From the London equations
and the Laplace equation ∇ 2 A = 0, we know that the vector potential A of arbitrary direction decays linearly in free space and exponentially in the GP as shown in figure 1(left) . Considering that A is only dependent on z, we obtain
Since the vector potential is continuous and differentiable at the GP boundary, the intersection of the tangent at P and the perpendicular line, according to (2) is just λ below the boundary of the GP. This indicates that we can substitute figure 1(left) with the model shown in figure 1(right) , since the distribution of vector potential in region I and region III is totally the same, i.e. this fulfills the requirements of the method of images. Thus, the mirror plane should be set at λ below the boundary of the GP, where A is zero.
In the case where d is not much greater than λ, it was predicted in London theory and proved empirically later [5] that the effective penetration depth is
Thus, we can choose our mirror plane to be at λ eff below the upper boundary of the GP.
Inductance calculation
Considering a flux quantum 0 trapped in the superconducting loop (figure 2), we can obtain the loop inductance L by
where S is the cross section of the loop, J s (r) is the current density of the loop at r. The current distribution of the loop is obtained by solving the simultaneous linear equations which satisfy the expression of dynamical momentum (5) and the Maxwell equations (6) h∇θ(r) e * = J s (r) + A(r) (5)
is the current density of the image, and A(r) is the total vector potential made by the external vector potential A f (r), by the currents of the superconductor (SC) and by the currents of its image.
We subdivide SC into rectangular elements of which the base edges have the same size a with varying height, and assume that the current in each element is uniformly distributed so that we can substitute the elements by a current network such that the centres of adjacent elements are interconnected by a current path. We assume that no current flows in the height direction to simplify the problem. The smallest loop made by these paths is called a current mesh, and the hole of the SC is regarded as one large hole mesh. Thus, (5) and (6) are discretized as
where i|A is the vector potential of the ith path of SC, φ = a · ∇θ is the phase difference between two ends of the path, and i|M i |j is the vector potential of the ith path due to a unit current at the image of the j th path. i|M i |j and i|M s |j follow the same function, which is expressed by
where v i is the volume of the ith element, and the integration is over the ith element region and over the j th element region respectively. Since the current of the ith path and the current of its image have the same magnitude but opposite direction, (8) can be rewritten as
Substituting (7) in (10) and the path currents by the mesh currents, we can derive
where J m is the mesh-current density of SC,Î is an invariant operator,R is an operator mapping the mesh currents to the path currents, i.e. |J s =R|J m , tR is an operator such that i| tR |j = j|R|i , and |φ m = tR |φ is the phase change around the mesh such that i|φ m = −2πδ i,Nh where N h pertains to the hole meshes. Equation (11) can be rewritten in matrix representation as
where
The current distribution therefore can be obtained by solving the system of linear equations in (12).
3D superconducting structures with ground plane Figure 3 . The inductance of a tee junction.
Mutual inductance
Consider there are two coupled superconducting loops over GP. Fluxoids trapped in the loops 1 , 2 are related to the mesh currents of the loops I 1 ,
where L 11 is the self-inductance of the first loop, L 12 = L 21 is the mutual inductance between the first loop and the second loop. The inductance matrix can be obtained easily by considering a fluxoid quantum trapped in the first loop with no fluxoid trapped in the second loop (15), and vice versa (16).
Therefore, the inductance coefficients of the n superconductor system can be calculated by using n combinations of the fluxoid arrangements. Using this method, we can also obtain the inductances of complicated structures, such as the tee junctions shown in figure 3 . Fluxoids are placed in between the two arms of the tee junction. For the elements far enough from the tee junction, the mesh currents aligned in the length direction of the arms are treated as the same by using the symmetry method described later in section 5.3. The other frequently used structures, e.g. via, cross junction etc, can also be calculated by using the combinations of fluxoids in this way. Thus, the inductances of any arbitrary geometries can be calculated by using the method described in sections 3 and 4.
Calculation time
A typical 2D calculation involves 40 MB of memory resources and requires 2 min of CPU time and a typical 3D calculation involves 200 MB of memory resources and requires 20 min of CPU time on an Intel Pentium II 400 MHz to obtain the accuracy of 0.1% error. The calculation can be divided into two parts: one is making the matrix U, and the other is solving U · j m = ϕ. Optimization is done especially by observing the property of the matrix U.
Tabulation of i|M |j
The speed of making U depends very much on the speed of calculating i|M |j values in (9). Since the interaction between the vector potential and the current only depends on the distance between the two paths involved, and since the distance is a discrete value only, i|M |j can be tabulated to speed up the algorithm. The tabulation of i|M |j is 200 times faster than the ordinary method in a typical calculation which involves a great number of meshes, and the accuracy remains the same because no interpolation or estimation is used.
Conjugate gradient (CG) method
Matrix U is a positive-definite symmetric matrix since i|M |j values are vector potential quantities. Therefore, we can apply the conjugate gradient (CG) method [6] to speed up solving the simultaneous linear equations in (12). However, since matrix U is dense, the calculation by the CG method still needs O(n 2 ) operations and O(n 2 ) memory, where n is the number of finite elements. When the number of elements is large, U can be sparse by assuming no influence of the current on the vector potential of a point far away, e.g. 100 mesh sizes away for the accuracy of 0.1% error. For a sparse matrix, calculations by the CG method involve only O(n) operations and O(n) memory.
Symmetry plane
If a structure has n (anti-)symmetry planes with regard to the direction of the magnetic field, (11) can be simplified to
where σ k is +1 for a symmetry plane and is −1 for an antisymmetry plane, and i|M k s |j is the vector potential of the ith path due to a unit current at the image of the j th path on the kth (anti-)symmetry plane. The additional symmetry plane reduces the total operations and memory resources by a factor of two.
There is one specific symmetry plane. For a long stripline (figure 4), since the mesh currents aligned in the length direction are the same, a symmetry plane exists in between every adjacent mesh current. Thus only one set of current meshes aligned in the width direction need be discretized. This idea is crucial for calculating the inductances of arbitrary structures, not only to save time and memory, but also to avoid really building up the close superconducting loops.
Examples

Superconducting stripline
Our method is compared with the Alsop method [2] , FastHenry [4] and Chang formula [7] in a 2D stripline (table 1) . The results of our method agree well with those of the Alsop method and those of FastHenry for all the aspect Table 1 . Stripline inductance (w is the stripline width, t 1 is the thickness of the stripline, t 2 is the thickness of the GP, h is the thickness of insulation, λ 1 is the penetration depth of the stripline, λ 2 is the penetration depth of the GP). ratios within an accuracy of 1% error. The Alsop results are taken from [7] , since we do not have the program. The proposed location of the mirror plane is also verified with the last two results in table 1, where the GP is actually discretized in FastHenry and the Alsop method. All of our results approach a constant when the mesh size a is chosen to be smaller than the penetration depth.
Corner geometry
The inductances of 3D corner structures are calculated by using the NEC fabrication process parameter, t 1 = 300 nm, t 2 = 400 nm, h = 300 nm, λ = 90 nm, where t 1 is the thickness of the upper superconducting layer, t 2 is the thickness of the GP and h is the thickness of insulation. The sheet inductance versus the arm width w of the corner geometry is presented in figure 5 . The sheet inductance of the corner geometry turns out to be about 0.5 square, and as the arm width increases the sheet inductance of the corner geometry increases and approaches a constant when the arm width is large.
Discussion
The main drawback of this program is that currently discretization is carried out only by using fixed-size elements.
It is obvious that the mesh size a should be fine at high current regions, which is always the inner side of the superconducting loops, and should be coarse at low current regions in order to reduce computations and memory resources. Further work is in progress to surmount this restriction. However, it should be noted that our formulation allows us to calculate the inductances of arbitrary 3D superconducting structures with high precision as well as reasonable calculation time.
